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Abstract
We study N = 2 SU(2) supersymmetric QCD with massive hypermultiplets
deformed in the Nekrasov-Shatashvili limit of the Omega-background. The prepo-
tential of the low-energy effective theory is determined by the WKB solution of the
quantum Seiberg-Witten curve. We calculate the deformed Seiberg-Witten peri-
ods around the massless monoplole point explicitly up to the fourth order in the
deformation parameter.
1 Introduction
The Seiberg-Witten (SW) solution [1, 2] of the prepotential of N = 2 supersymmetric
gauge theory enables us to understand both weak and strong coupling physics of the
theory such as instanton effects, the duality of the BPS spectrum [1, 2] and nonlocal
superconformal fixed point [3, 4]. In the weak coupling region, the Nekrasov partition
function [5, 6], where the gauge theory is defined in the Ω-background [7], provides an
exact formula of the prepotential including the nonperturbative instanton effects. The
Nekrasov partition function can be computed with the help of the localization technique.
At strong coupling region, however, we do not know the localization method to reproduce
the prepotential around the massless monopole point.
The Nekrasov function is related to the conformal block of two dimensional conformal
field theory [8, 9] and also the partition function of topological string theory [10]. The
analysis of the conformal block with insertion of the surface operator [11, 12, 13] leads
to the concept of the quantum Seiberg-Witten curve. The solution of the quantum curve
gives the low-energy effective theory of the Ω-deformed theories, which are parametrized
by two deformation parameters ǫ1 and ǫ2. In the Nekrasov-Shatashvili limit [14] of the
Ω-background, where one of the deformation parameters ǫ2 is set to be zero, the quantum
curve becomes the ordinary differential equation. The quantum SW curve is obtained from
the quantization procedure of the symplectic structure defined by the SW differential [15]
where the parameter ǫ1 plays a role of the Planck constant ~. In particular, the SW curve
for SU(2) Yang-Mills theory becomes the Schro¨dinger equation with the sine-Gordon
potential and the higer order corrections to the deformed period integrals in the weak
coupling have been calculated by using the WKB analysis [16]. This was generalized to
N = 2 SU(N) SQCD [17]. Note that the SW curve for N = 2∗ SU(2) gauge theory
corresponds to the Lame´ equation and the deformed period integrals also have been
calculated by using the WKB analysis [18, 19]. One can derive the Bohr-Sommerfeld
quantization conditions which are nothing but the Baxter’s T-Q relations of the integrable
system [17, 20, 21]. The deformed period integral agrees with that obtained from the
Nekrasov partition function.
It is interesting to study perturbative and non-pertubative quantum corrections in
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the strong coupling region of the moduli space, which might change the strong coupling
dynamics of the theory. In [22], the perturbative corrections around the massless monopole
point in the N = 2 SU(2) super Yang-Mills theory have been studied. In [23], the 1-
instanton correction in ~ to the dual prepotential has been calculated. In [24, 25, 26, 27],
the non-perturbative aspects of the ~ expansion in N = 2 theories have been studied.
The purpose of this work is to study systematically perturbative corrections in ~ to the
prepotential at strong coupling where the BPS monopole becomes massless for N = 2
SU(2) SQCD with Nf = 1, 2, 3, 4 hypermultiplets. We investigate quantum corrections to
the period integrals of the SW differential and the prepotential up to the fourth order in
the deformation parameter ~.
This paper is organized as follows: In Section 2, we review the quantization of the
SW curve and the quantum periods for N = 2 SU(2) SQCD. In Section 3, we show
that the quantum correction can be expressed by acting the differential operator on the
undeformed SW periods in detail. In Section 4, we calculate the quantum periods in the
weak coupling region for N = 2 SU(2) SQCD and confirm that they agree with those
obtained from the Nekrasov partition function. In Section 5, we study the expansions of
the periods around the massless monopole point in the moduli space. We consider how
the effective coupling and the massless monopole point are deformed by ~. In Section 6,
we add some comments and discussions.
2 Quantum SW curve for N = 2 SU(2) SQCD
The Seiberg-Witten curve for N = 2 SU(2) gauge theory with Nf (= 0, . . . , 4) hypermul-
tiplets is given by
K(p)− Λ¯
2
(K+(p)e
ix +K−(p)e
−ix) = 0, (2.1)
where Λ¯ = Λ
2−
Nf
2
Nf
with ΛNf being a QCD scale parameter for Nf ≤ 3 and Λ¯ =
√
q for
Nf = 4. Here q = e
2piiτUV and τUV denotes the UV coupling constant [28, 8]. K(p) and
2
K±(p) are defined by
K(p) =


p2 − u, Nf = 0, 1
p2 − u+ Λ22
8
, Nf = 2
p2 − u+ Λ3
4
(p+ m1+m2+m3
2
), Nf = 3
(1 + q
2
)p2 − u+ q
4
p
∑4
i=1mi +
q
8
∑
i<j mimj, Nf = 4
(2.2)
and
K+(p) =
N+∏
j=1
(p+mj), K−(p) =
Nf∏
j=N++1
(p+mj), (2.3)
where u is the Coulomb moduli parameter and m1, . . . , mNf are mass parameters. N+ is
a fixed integer satisfying 1 ≤ N+ ≤ Nf . The curve (2.1) can be written into the standard
form [29]
y2 = K(p)2 − Λ¯2K+(p)K−(p) (2.4)
by introducing y = Λ¯K+(p)e
ix −K(p). The SW differential is defined by
λ = pd log
K−
K+
− 2πipdx. (2.5)
Let α and β be a pair of canonical one-cycles on the curve. The SW periods are defined
by
a =
∫
α
p(x)dx, aD =
∫
β
p(x)dx, (2.6)
where p(x) is a solution of (2.1). Then the prepotential F(a) is determined by
aD =
∂F(a)
∂a
. (2.7)
The SW differential defines a symplectic form dλSW = dp∧dx on the (p, x) space. The
quantum SW curve is obtained by regarding the coordinate p as the differential operator
−i~ d
dx
. We have the differential equations(
K(−i~∂x))− Λ¯
2
(e
ix
2 K+(−i~∂x)e ix2 + e− ix2 K−(−i~∂x)e− ix2
)
Ψ(x) = 0, (2.8)
where ∂x =
∂
∂x
. Here we take the ordering prescription of the differential operators as
in [17]. This differential equation is also obtained by observing the relation between
3
the quantum integrable models and the SW theory in the Nekrasov-Shatashvili (NS)
limit of the Ω-background [16]. The same differential equation is also obtained from the
insertion of the degenerate primary field corresponding to the surface operator in the
two-dimensional conformal field theory [11, 12, 13].
In this paper, we will choose N+ such that the differential equation becomes the second
order differential equation of the form:
(∂2x + f(x)∂x + g(x))Ψ(x) = 0. (2.9)
Then we convert this equation into the Schro¨dinger type equation by introducing Ψ(x) =
exp(−1
2
∫
f(x)dx)ψ(x):
(−~2∂2x +Q(x))ψ(x) = 0, (2.10)
where Q(x) = − 1
~2
(−1
2
∂xf − 14f 2 + g). In the case of SU(2) SQCD, it is found that Q(x)
is expanded in ~ as
Q(x) = Q0(x) + ~
2Q2(x). (2.11)
The quantum SW periods are defined by the WKB solution of the equation (2.10):
ψ(x) = exp
(
i
~
∫ x
P (y)dy
)
, (2.12)
where
P (y) =
∞∑
n=0
~
npn(y) (2.13)
and p0(y) = p(y). Substituting the expansion (2.13) into (2.10), we have the recursion
relations for pn(x)’s. Note that pn(x) for odd n becomes a total derivative and only p2n(x)
contributes the period integral. The first three p2n’s are given by
p0(x) = i
√
Q0, (2.14)
p2(x) =
i
2
Q2√
Q0
+
i
48
∂2xQ0
Q
3
2
0
, (2.15)
p4(x) = − 7i
1536
(∂2xQ0)
2
Q
7
2
0
+
i
768
∂4xQ0
Q
5
2
0
− iQ2∂
2
xQ0
32Q
5
2
0
+
i∂2xQ2
48Q
3
2
0
− iQ
2
2
8Q
3
2
0
, (2.16)
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up to total derivatives. Then the quantum period integral Π =
∫
P (x)dx = (a, aD) along
the cycles α and β can be expanded in ~ as
Π = Π(0) + ~2Π(2) + ~4Π(4) + · · · , (2.17)
where Π(2n) :=
∫
p2n(x)dx.
Now we study the equations satisfied by the quantum SW periods. It has been
shown that the undeformed (or classical) SW periods Π(0) obey the third order differ-
ential equation with respect to the moduli parameter u called the Picard-Fuchs equation
[30, 31, 32, 33, 34, 35]. Note that ∂up0 is the holomorphic diffrential on the curve. When
we write the curve (2.4) in the form
y2 =
4∏
i=1
(x− ei), (2.18)
where the weak coupling limit corresponds to e2 → e3 and e1 → e4, we can evaluate the
periods
∂uΠ
(0) =
∫
∂up0dx =
∫
dp
y
(2.19)
by the hypergeometric function. Then by using quadratic and cubic transformations
[36, 35], one finds that in the weak coupling region, where u is large, the classical periods
∂ua
(0) and ∂ua
(0)
D are given by
∂ua =
√
2
2
(−D)−1/4F
(
1
12
,
5
12
; 1; z
)
, (2.20)
∂uaD = i
√
2
2
(−D)− 14
[
3
2π
ln 12F
(
1
12
,
5
12
; 1; z
)
− 1
2π
F∗
(
1
12
,
5
12
; 1; z
)]
, (2.21)
where z = −27∆
4D3
and the weak coupling region corresponds to z = 0. Here ∆ and D for
the curve (2.18) are defined by
∆ =
∏
i<j
(ei − ej)2, (2.22)
D =
∑
i<j
e2i e
2
j − 6
4∏
i=1
ei −
∑
i<j<k
(e2i ejek + eie
2
jek + eieje
2
k). (2.23)
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∆ is the discriminant of the curve. F (α, β; γ; z) and F∗(α, β; γ; z) are the hypergeometric
functions defined by
F (α, β; γ; z) =
∞∑
n=0
(α)n(β)n
n!(γ)n
zn,
F∗(α, β; 1; z) = F (α, β; 1; z) ln z +
∞∑
n=0
(α)n(β)n
(n!)2
n−1∑
r=0
(
1
α + r
+
1
β + r
− 2
1 + r
)
zn.
(2.24)
Changing the variable from z to u, the hypergeometric differential equation for F
(
1
12
, 5
12
; 1; z
)
leads to the Picard-Fuchs equation for ∂Π
(0)
∂u
. It takes the form
∂3Π(0)
∂u3
+ p1
∂2Π(0)
∂u2
+ p2
∂Π(0)
∂u
= 0, (2.25)
where p1 and p2 are given by
p1 =
∂u(−D)1/4
(−D)1/4 −
∂2uz
∂uz
+
γ − (1 + α + β)z
z(1− z) ∂uz, (2.26)
p2 =
∂2u(−D)1/4
(−D)1/4 +
∂u(−D)1/4
(−D)1/4
{
−∂
2
uz
∂uz
+
γ − (1 + α + β)z
z(1 − z) ∂uz
}
− αβ
z(1− z) (∂uz)
2 (2.27)
with α = 1
12
, β = 5
12
and γ = 1. For the SW curve (2.1) with Nf ≤ 3, the Picard-Fuchs
equations (2.25) agree with those in [33, 34]. Note that for massless case, the Picard-Fuchs
equation turns out to be the second order differential equation for Π(0) [32].
The higher order correction Π(k) to the SW period Π(0) is determined by acting a
differential operator Oˆk on Π(0) [10, 20, 22, 37]:
Π(k) = OˆkΠ(0). (2.28)
There are various ways to represent the differential operator Oˆk. For example, one can
use the first and second order differential operators with respect to u to express Π(k) as
Π(k) =
(
X1k
∂2
∂u2
+X2k
∂
∂u
)
Π(0). (2.29)
Let us study the simplest example, the Nf = 0 theory. We have the quantum SW
curve (2.10) with the sine-Gordon potential:
Q(x) = −u− Λ
2
0
2
(eix + e−ix). (2.30)
6
The SW periods Π(0) satisfy the Picard-Fuchs equation [30]:
∂2Π(0)
∂u2
− 1
4(Λ40 − u2)
Π(0) = 0. (2.31)
The discriminant ∆ and D are given by
∆ = 256Λ80
(
u2 − Λ40
)
, D = 12Λ40 − 16u2. (2.32)
The second and fourth order quantum corrections are given by [10, 16, 22]
Π(2) =
(
1
12
u
∂2
∂u2
+
1
24
∂
∂u
)
Π(0), (2.33)
Π(4) =
(
75Λ80 − 4u4 + 153Λ40u2
5760 (u2 − Λ40) 2
∂2
∂u2
− u
3 − 15Λ40u
2880 (u2 − Λ40) 2
∂
∂u
)
Π(0). (2.34)
With the help of the Picard-Fuchs equation (2.31), we find a simpler formula for Π(4):
Π(4) =
(
7
1440
u2
∂4
∂u4
+
1
48
u
∂3
∂u3
+
5
384
∂2
∂u2
)
Π(0). (2.35)
In the weak coupling region where u≫ Λ20, substituting (2.32) into (2.20) and (2.21),
we can obtain a(0) and a
(0)
D by expanding (2.20) and (2.21) around u =∞ and integrating
with respect to u. The quantum SW periods can be obtained by applying (2.33) and
(2.35) on a(u) and aD(u):
a(u) =
(√
u
2
− Λ0
16
√
2
(
Λ20
u
)3/2
+ · · ·
)
+
~
2
Λ0
(
− 1
64
√
2
(
Λ20
u
)5/2
− 35
2048
√
2
(
Λ20
u
)9/2
+ · · ·
)
+
~
4
Λ30
(
− 1
256
√
2
(
Λ20
u
)7/2
− 273
16384
√
2
(
Λ20
u
)11/2
+ · · ·
)
+ · · · ,
aD(u) =− i
2
√
2π
[
−4
√
2a(u) log
8u
Λ20
+
(
8
√
u− Λ
4
0
4u3/2
+ · · ·
)
+
~
2
Λ0
(
− 1
6
√
u
− 13
96
(
Λ20
u
)5/2
+ · · ·
)
+
~
4
Λ30
(
1
720u3/2
− 63
1280
(
Λ20
u
)7/2
+ · · ·
)
+ · · ·
]
,
(2.36)
up to the fourth order in ~. It has been checked that the quantum curve reproduces the
prepotential obtained from the NS limit of the Nekrasov partition function [16, 22].
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We can also consider the quantum SW periods in the strong coupling region. For
example, at u = ±Λ20 where monopole/dyon becomes massless, by solving the Picard-
Fuchs equation in terms of hypergeometric function, we can compute the SW periods
[31]. For the computation of the deformed SW periods, it is convenient to use (2.35)
rather than (2.34) since the coefficients in (2.34) become singular at u = Λ20. We then
find the expansion of the SW periods around u = Λ20, which are given by [22]
aD(u˜) =i
(
u˜
2Λ0
− u˜
2
32Λ30
+ · · ·
)
+
i~2
Λ0
(
1
64
− 5
1024
(
u˜
Λ20
)
+ · · ·
)
+
i~4
Λ30
(
− 17
65536
+
721
2097152
(
u˜
Λ20
)
+ · · ·
)
+ · · · ,
a(u˜) =
i
2π
[
aD(u˜) log
u˜
25Λ20
+ i
(
− u˜
2Λ0
− 3u˜
2
64Λ30
+ · · ·
)
+
i~2
Λ0
(
1
24
(
u˜
Λ20
)−1
+
5
192
+ · · ·
)
+
i~4
Λ30
(
7
1440
(
u˜
Λ20
)−3
− 1
2560
(
u˜
Λ20
)−2
+ · · ·
)
+ · · ·
]
,
(2.37)
where u˜ := u−Λ20. In the following sections, we will generalize these results and compute
the quantum corrections to the SW periods at strong coupling region for the Nf = 1, 2, 3, 4
cases.
3 Quantum periods for Nf ≥ 1
Let us study the quantum SW periods for SU(2) theory with Nf ≥ 1 hypermultiplets.
We will choose N+ of (2.3) such that the differential equation (2.8) become the second
order differential equation. Then we convert the quantum SW curve into the Schro¨dinger
type equation (2.10). The quantum SW periods are given by the integral of (2.15) and
(2.16). These periods can be represented as OˆkΠ(0) with some differential operators Oˆk.
We will find the second and fourth order corrections to the SW periods. In the following,
∆Nf stands for ∆ and DNf for D in (2.22) and (2.23) for the Nf theory.
Nf = 1 theory
In the theory with Nf = 1 hypermultiplet, we can take N+ = 1 in the SW curve (2.1)
without loss of generality. The quantum curve is written as the Schro¨dinger type equation
8
with the Tzitze´ica–Bullough–Dodd type potential:
Q(x) = −1
2
Λ
3/2
1 m1e
ix − u− 1
16
Λ31e
2ix − 1
2
Λ
3/2
1 e
−ix, (3.1)
where Q2(x) = 0. The SW periods Π
(0) satisfy the Picard-Fuchs equation (2.25) with
∆1 =− Λ61(256u3 − 256u2m21 − 288um1Λ31 + 256m31Λ31 + 27Λ61),
D1 =− 16u2 + 12m1Λ31.
(3.2)
It is also found to satisfy the differential equation with respect to the mass parameter m:
∂2Π(0)
∂m1∂u
= b1
∂2Π(0)
∂u2
+ c1
∂Π(0)
∂u
, (3.3)
where
b1 = −16m1u− 9Λ
3
1
8(4m21 − 3u)
, c1 = − m1
4m21 − 3u
. (3.4)
We will calculate the corrections of the second and fourth orders in ~ [37] to the period
integrals using (2.15) and (2.16). These corrections are expressed in terms of the basis
∂uΠ
(0) and ∂2uΠ
(0)
Π(2) =
(
X12
∂2
∂u2
+X22
∂
∂u
)
Π(0), (3.5)
Π(4) =
(
X14
∂2
∂u2
+X24
∂
∂u
)
Π(0), (3.6)
where the coefficients in (3.5) are given by
X12 =−
−9Λ31m1 − 16m21u+ 24u2
48 (4m21 − 3u)
,
X22 =−
3u− 2m21
12 (4m21 − 3u)
,
(3.7)
and the coefficients in (3.6) are given by
X14 =
Λ121
1440(4m21 − 3u)∆21
(−864Λ91m1 (4350m21u+ 1192m41 + 441u2)
− 49152Λ31m1u2
(−455m21u2 + 609m41u− 204m61 + 267u3)
+ 768Λ61
(−19593m21u3 + 42348m41u2 − 22624m61u+ 6400m81 + 8235u4)
+ 131072u4
(
15m21u
2 + 6m41u− 2m61 + 9u3
)− 729Λ121 (615u− 1792m21)),
(3.8)
X24 =
Λ121
45(4m21 − 3u)∆21
(
24Λ61
(−1080m21u2 + 4254m41u− 800m61 + 1215u3)
− 768Λ31m1u
(−185m21u2 + 267m41u− 80m61 + 159u3)
+ 2048u3
(
15m21u
2 + 6m41u− 2m61 + 9u3
)− 81Λ91m1 (235m21 + 6u)).
(3.9)
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We will compare the quantum prepotential with the NS limit of the Nekrasov partition
function in the weak coupling region in the next section. The above representation of
the period integrals is suitable to consider the decoupling limit to the pure SU(2) theory,
which is defined by m1 →∞ and Λ1 → 0 with m1Λ31 = Λ40 being fixed. In the decoupling
limit, the second and fourth order corrections (3.5) and (3.6) agree with (2.33) and (2.34).
In section 5, we will study the deformed period integrals in the strong coupling region,
where the monopole/dyon becomes massless. In this case, the discriminant ∆1 of the
curve has a zero of the first order where the coefficients in (3.5) and (3.6) become singular.
Since the SW periods Π(0) satisfy the Picard-Fuchs equation (2.25) and the differential
equation (3.3), the differential operator Oˆk in (2.28) for the higher order corrections is
defined modulo such differential operators. We note that the coefficients of the differential
operator for Π(2) can be rewritten as
X12 =
1
6
u+
1
6
m1b1, X
2
2 =
1
12
+
1
6
m1c1. (3.10)
Using the Picard-Fuchs equation (2.25) and the differential equation (3.3), we find that
the second order correction to the SW periods can be expressed as
Π(2) =
1
12
(
2u
∂2
∂u2
+ 2m1
∂
∂m1
∂
∂u
+
∂
∂u
)
Π(0). (3.11)
In the similar way, we find that the fourth order correction to the SW periods is expressed
as
Π(4) =
1
1440
(
28u2
∂4
∂u4
+ 124u
∂3
∂u3
+ 81
∂2
∂u2
+ 56um1
∂
∂m1
∂3
∂u3
+ 28m21
∂2
∂m21
∂2
∂u2
+ 132m1
∂
∂m1
∂2
∂u2
)
Π(0).
(3.12)
Since all the coefficients are now regular when ∆1 = 0, we can easily calculate the quantum
SW periods at the various strong coupling points in the Coulomb branch.
Nf = 2 theory
In the case of Nf = 2, we can choose N+ = 1 or N+ = 2 in (2.3) for the SW curve
(2.1). The corresponding quantum curves are the second order differential equation in
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both cases and can be written in the form of the Schro¨dinger type equation but they have
apparently different Q(x):
Q(x) =− u− Λ2
2
(
m1e
ix +m2e
−ix
)− Λ22
8
cos 2x, (N+ = 1) (3.13)
Q(x) =− e
ixΛ32 + Λ
2
2(e
2ix(m1 −m2)2 − 2) + 8Λ2eix(m1m2 − u) + 16u
4(−2 + eixΛ2)2
+ ~2
eixΛ2
2(−2 + eixΛ2)2 , (N+ = 2) (3.14)
where for the N+ = 2 case Q(x) includes the ~
2 term. Although the quantum curves look
quite different, they are shown to give the same period integrals. One reason is that the
SW periods in both cases satisfy the same Picard-Fuchs equation with the discriminant
∆2 and D2:
∆2 =
Λ122
16
− 3Λ102 m1m2 − Λ82
(
8u2 − 36 (m21 +m22)u+ 27m41 + 27m42 + 6m21m22)
+ 256Λ42u
2
(
u−m21
) (
u−m22
)− 32Λ62m1m2 (10u2 − 9 (m21 +m22)u+ 8m21m22) ,
D2 =− 3
4
Λ42 + 12Λ
2
2m1m2 − 16u2,
(3.15)
and the differential equations
∂2Π(0)
∂m1∂u
=
1
L2
(
b
(1)
2
∂2Π(0)
∂u2
+ c
(1)
2
∂Π(0)
∂u
)
, (3.16)
∂2Π(0)
∂m2∂u
=
1
L2
(
b
(2)
2
∂2Π(0)
∂u2
+ c
(2)
2
∂Π(0)
∂u
)
, (3.17)
where
L2 =− Λ42 + 8m1m2Λ22 + 32
[
4m21m
2
2 − 3u(m21 +m22) + 2u2
]
,
b
(1)
2 =3Λ
4
2m1 − 4Λ22m2(3m21 − 9m22 + 8u)− 64m2u(m21 − u),
c
(1)
2 =4Λ
2
2m2 + 32m1(m
2
2 − u),
b
(2)
2 =3Λ
4
2m2 − 4Λ22m1(3m22 − 9m21 + 8u)− 64m1u(m22 − u),
c
(1)
2 =4Λ
2
2m1 + 32m2(m
2
1 − u). (3.18)
Since the SW periods are uniquely determined from the Picard-Fuchs equation with per-
turbative behaviors around singularities, the SW periods do not depend on the choice of
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N+. We can also check by explicit calculation that the second and fourth order corrections
are given by
Π(2) =
1
6
(
2u
∂2
∂u2
+
3
2
(
m1
∂
∂m1
∂
∂u
+m2
∂
∂m2
∂
∂u
)
+
∂
∂u
)
Π(0), (3.19)
Π(4) =
1
360
[
28u2
∂4
∂u4
+ 120u
∂3
∂u3
+ 75
∂2
∂u2
+ 42
(
um1
∂
∂m1
∂3
∂u3
+ um2
∂
∂m2
∂3
∂u3
)
+
345
4
(
m1
∂
∂m1
∂2
∂u2
+m2
∂
∂m2
∂2
∂u2
)
+
63
4
(
m21
∂2
∂m21
∂2
∂u2
+m22
∂2
∂m22
∂2
∂u2
)
+
126
4
m1m2
∂
∂m1
∂
∂m2
∂2
∂u2
]
Π(0), (3.20)
which are independent of N+. Here we adapt the expression such that all the coefficients
do not have any singularity at singular points in the moduli space. Thus we conclude
that the quantum SW periods, at least up to the fourth order in ~, do not depend on the
choice of N+[17].
As explained in the previous sections, the expressions (3.19) and (3.20) are not a
unique way to represent the quantum corrections. With the help of the Picard-Fuchs
equation (2.25) and the differential equation (3.16), we can rewrite (3.19) in terms of a
basis ∂2uΠ
(0) and ∂uΠ
(0) as
Π(2) =
[(
1
3
u+
1
4L2
(m1b
(1)
2 +m2b
(2)
2 )
)
∂2
∂u2
+
(
1
6
+
1
4L2
(m1c
(1)
2 +m2c
(2)
2 )
)
∂
∂u
]
Π(0),
(3.21)
where L2, b
(1)
2 , · · · c(2)2 are given in (3.18). In the decoupling limit where m2 → ∞ and
Λ2 → 0 with m2Λ22 = Λ31 being fixed, we have the SW periods of the Nf = 1 theory.
Furthermore, it can be checked that the second and fourth order corrections to the SW
periods become those of the Nf = 1 theory.
Nf = 3 theory
In the case of Nf = 3, we can choose N+ = 1 or 2 in (2.8). Otherwise, we obtain the third
order differential equation. We will take N+ = 2 without loss of generality. The quantum
12
curve is the Schro¨dinger type equation (2.10) with
Q(x) =
e−2ix
16
(
−2 + eixΛ1/23
)2
(
−4Λ3 − 4e3ixΛ1/23 (m3Λ3 + 8m1m2 − 8u)− e2ix
(
Λ23 − 24m3Λ3 + 64u
)
− 4 (m1 −m2) 2e4ixΛ3 + 4eixΛ1/23 (Λ3 − 8m3)
)
+ ~2
eixΛ
1/2
3
2
(
−2 + eixΛ1/23
)2 .
(3.22)
The SW periods satisfy the Picard-Fuchs equation and the differential equations with
respect to the mass parameter mi (i = 1, 2, 3) and the moduli parameter u. Since these
equations are rather complicated, we will write down them for the theory with the same
mass m := m1 = m2 = m3. In this case the discriminant ∆3 and D3 become
∆3 =− Λ
2
3 (8m
2 + Λ3m− 8u) 3 (256Λ3 (8m3 − 3mu) + 8Λ23 (3m2 + u) + 3Λ33m− 2048u2)
4096
,
(3.23)
D3 =− Λ
4
3
256
+ 12Λ3m
3 + Λ23
(
u− 9m
2
4
)
− 16u2. (3.24)
Then the Picard-Fuchs equation is obtained by substituting (3.23) and (3.24) into (2.25).
We can also confirm that the SW periods satisfy the differential equation:
∂2Π(0)
∂m∂u
= b3
∂2Π(0)
∂u2
+ c3
∂Π(0)
∂u
(3.25)
where
b3 =
3m (Λ23 + 24Λ3m− 128u)
16 (16m2 − Λ3m− 4u) , c3 =
12m
m (Λ3 − 16m) + 4u. (3.26)
We can also calculate the Picard-Fuchs equation for general mass case based on ∆3
and D3. In this case we can check that the quantum corrections to the SW periods Π
(0)
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are expressed as
Π(2) =
[(
5
6
u− 1
384
Λ23
)
∂2
∂u2
+
1
2
3∑
i=1
mi
∂
∂mi
∂
∂u
+
5
12
∂
∂u
]
Π(0), (3.27)
Π(4) =
[
7
10
(
5
6
u− 1
384
Λ23
)2
∂4
∂u4
+
47
20
(
241
47
1
6
u− 1
384
Λ23
)
∂3
∂u3
+
571
480
∂2
∂u2
+
3∑
i=1
(
7
10
(
5
6
u− 1
384
Λ23
)
mi
∂
∂mi
∂3
∂u3
+
131
120
mi
∂
∂mi
∂2
∂u2
)
+
3∑
i=1
3∑
j=1
(
7
40
mimj
∂
∂mi
∂
∂mj
∂2
∂u2
)]
Π(0).
(3.28)
The coefficients are not singular when ∆3 = 0. With help of the Picard-Fuchs equation
and the differential equation with respect to the mass parameters, we can rewrite the
quantum SW periods (3.27) and (3.28) in terms of a basis ∂uΠ
(0) and ∂2uΠ
(0). For the
equal mass case, we find that
Π(2) =
[(
5
6
u− 1
384
Λ23 +
1
2
mb3
)
∂2
∂u2
+
(
5
12
+
1
2
mc3
)
∂
∂u
]
Π(0). (3.29)
In this expression, however, the coefficients become singular at the point where ∆3 = 0.
But this representation is useful to discuss the decoupling limit to the Nf = 0 theory. In
the decoupling limit; m → ∞ and Λ3 → 0 with m3Λ3 = Λ40 being fixed, the SW periods
for Nf = 3 theory agree with those for the Nf = 0 theory. Moreover, we can show that
the second and fourth order corrections to the quantum SW periods become those of the
Nf = 0 theory in this limit.
Nf = 4 theory
In the case of Nf = 4, we will take N+ = 2 in (2.8). Otherwise, we get the third or
fourth order differential equation. The quantum curve can be written in the form of the
14
Schro¨dinger-type equation with
Q(x) =
e−2ix
4
(−4√q cos(x) + q + 4)2
(
4
√
qe3ix
(
m21q +m
2
2q −m1m2(q + 8)−m3m4q + 8u
)
+ 4
√
qeix
(
m23q +m
2
4q −m3m4(q + 8)−m1m2q + 8u
)
− e2ix (q ((m21 +m22 +m23 +m24) q − 24 (m1m2 +m3m4))+ 16(q + 4)u)
− 4qe4ix (m1 −m2) 2 − 4q (m3 −m4) 2
)
+ ~2
√
qe−ix
(
qe2ix − 8√qeix + q + 4e2ix + 4)
2
(−4√q cos(x) + q + 4)2 .
(3.30)
For simplicity, we consider the case that all the hypermultiplets have the same mass:
m := m1 = m2 = m3 = m4. The SW periods Π
(0) satisfy the Picard-Fuchs equation
(2.25) with the discriminant ∆4 and D4 which are given by
∆4 =
224q2 (m2 − u)4 (m4(q − 16)q + 8m2qu+ 16u2)
(q − 4)10 ,
D4 =
16 (−m4q ((q − 12)2q − 192)− 8m2(q − 8)q2u− 16((q − 4)q + 16)u2)
(q − 4)4 . (3.31)
The quantum corrections to the SW periods are expressed in terms of the basis ∂uΠ
(0)
and ∂2uΠ
(0). The second order correction is given by
Π(2) =
(
X12
∂2
∂u2
+X22
∂
∂u
)
Π(0), (3.32)
where
X12 =−
−18m4q +m4q2 − 8m2u+ 10m2qu+ 24u2
96m2
,
X22 =−
−2m2 +m2q + 6u
48m2
.
(3.33)
The fourth order correction is
Π(4) =
(
X14
∂2
∂u2
+X24
∂
∂u
)
Π(0), (3.34)
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where
X14 =
1
46080m2 (m2 − u)2 (m2q − 4m2√q + 4u)2 (m2q + 4m2√q + 4u)2
×
(
7m14q8 − 399m14q7 + 8484m14q6 − 80616m14q5 + 312480m14q4 − 284544m14q3
+ 153600m14q2 + 175m12q7u− 7196m12q6u+ 96504m12q5u− 436320m12q4u
+ 266496m12q3u− 789504m12q2u+ 1848m10q6u2 − 51624m10q5u2 + 403488m10q4u2
− 896256m10q3u2 + 2328576m10q2u2 + 313344m10qu2 + 10648m8q5u3
− 190176m8q4u3 + 820224m8q3u3 − 1501184m8q2u3 − 921600m8qu3 + 35968m6q4u4
− 377984m6q3u4 + 881664m6q2u4 − 26624m6qu4 − 8192m6u4 + 70656m4q3u5
− 344064m4q2u5 − 325632m4qu5 + 24576m4u5 + 73728m2q2u6 + 12288m2qu6
+ 319488m2u6 + 30720qu7 + 122880u7
)
,
X24 =
1
23040m2 (m2 − u)2 (m2q − 4m2√q + 4u)2 (m2q + 4m2√q + 4u)2
×
(
7m12q7 − 287m12q6 + 3780m12q5 − 15816m12q4 + 1440m12q3 − 38400m12q2
+ 147m10q6u− 4032m10q5u+ 29736m10q4u− 55872m10q3u+ 225408m10q2u+ 30720m10qu
+ 1260m8q5u2 − 21768m8q4u2 + 88704m8q3u2 − 221952m8q2u2 − 133632m8qu2
+ 5608m6q4u3 − 56768m6q3u3 + 147456m6q2u3 + 7168m6qu3 − 2048m6u3
+ 13536m4q3u4 − 64512m4q2u4 − 58368m4qu4 + 6144m4u4 + 16512m2q2u5 + 3072m2qu5
+ 79872m2u5 + 7680qu6 + 30720u6
)
.
(3.35)
In the decoupling limit m → ∞ and q → 0 with m4q = Λ40 being fixed, the SW periods
coincide with those for the Nf = 0 theory. We can also show that the second and fourth
order corrections of the quantum SW periods (3.32) and (3.34) in this limit agree with
those for the Nf = 0 theory .
We can also consider the massless limit, where the Picard-Fuchs equation becomes a
simple form:
∂2Π(0)
∂u2
+
1
2u
∂Π(0)
∂u
= 0. (3.36)
Note that the coefficients X1k and X
2
k in (3.32) and (3.34) become singular in the massless
16
limit m→ 0. In the massless case, it is found that (3.32) and (3.34) are replaced by
Π(2) =
(
−uq
8
∂2
∂u2
+
(q − 4)q
16u
∂
∂q
)
Π(0), (3.37)
Π(4) =
(−26q + 11q2
2304
∂2
∂u2
− (q − 4)(−52q + 35q
2)
4608u2
∂
∂q
− (q − 4)
2q2
288u2
∂2
∂q2
)
Π(0), (3.38)
where these formulas include the derivative with respect to q in addition to the u-
derivatives.
In the following sections, we will compute the quantum SW periods both in the weak
and strong coupling regions and compute the deformed (dual) prepotentials.
4 Deformed periods in the weak coupling region
In this section, for the completeness, we will discuss the expansion of the quantum SW
periods in the weak coupling region and compute the deformed prepotential for the Nf
theories [37, 38]. Then we compare the prepotential with the NS limit of the Nekrasov
partition function [17]. Note that the deformed prepotentials for Nf = 1, 2, 4 are obtained
from the classical limit of the conformal blocks of two dimensional conformal field theories
[39, 40, 41]. The SW periods (2.6) around u = ∞ have been given by (2.20) and (2.21)
[35]. The quantum SW periods can be obtained by acting the differential operators on
the SW periods a(0) and a
(0)
D .
4.1 Nf ≤ 3
In the case of Nf = 1, the discriminant ∆1 and D1 are given by (3.2). Expanding a
(0)(u)
and a
(0)
D (u) around u = ∞ and substituting them into (3.11) and (3.12), we obtain the
expansions around u =∞. They are found to be
a(u) =
√
u
2
− Λ
3
1m1
(
1
u
)3/2
24
√
2
+
3Λ61
(
1
u
)5/2
210
√
2
+ · · ·
+ ~2
(
−Λ
3
1m1
(
1
u
)5/2
26
√
2
+
15Λ61
(
1
u
)7/2
212
√
2
− 35Λ
6
1m
2
1
(
1
u
)9/2
211
√
2
+ · · ·
)
+ ~4
(
−Λ
3
1m
(
1
u
)7/2
28
√
2
+
63Λ61
(
1
u
)9/2
214
√
2
− 273Λ
6
1m
2
(
1
u
)11/2
214
√
2
+ · · ·
)
+ · · · ,
(4.1)
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aD(u) =− i
2
√
2π
[√
2a(u)
(
iπ − 3 log 16u
Λ21
)
+
(
6
√
u+
m21√
u
+
m41
6
− 1
4
Λ31m1
u3/2
+ · · ·
)
+ ~2
(
− 1
4
√
u
− m
2
1
12u3/2
+
− 9
64
Λ31m1 − m
4
1
12
u5/2
+ · · ·
)
+ ~4
(
1
160u3/2
+
7m21
240u5/2
+
7m41
96
− 127Λ31m1
2560
u7/2
+ · · ·
)
+ · · ·
]
.
(4.2)
Solving u in terms of a in (4.1) and substituting it into aD, aD becomes a function of a.
Then integrating it over a, we obtain the deformed prepotential:
F1(a, ~) = 1
2πi
[
Fpert1 (a, ~) +
∞∑
k=0
∞∑
n=1
~
2kF (2k,n)1
(
1
a
)2n]
, (4.3)
where the first few coefficients of F (2k,n)1 (k = 0, 1, 2) are listed in the table 1. The
k F (2k,1)1 F (2k,2)1 F (2k,3)1 F (2k,4)1
0 1
32
Λ31m1 − 3Λ
6
1
8192
5Λ61m
2
1
16384
−7Λ91m1
393216
1 0 1
256
Λ31m1 − 15Λ
6
1
65536
21Λ61m
2
1
65536
2 0 0
Λ31m1
2048
− 63Λ61
524288
Table 1: The coefficients of the prepotential for the Nf = 1 theory
perturbative part Fpert1 (a, ~) of the prepotential is given by
Fpert1 (a, ~) =−
3
2
a2 log
a2
Λ21
+
1
2
F1s − a2 log a−
3m21
4
+ ~2
(
− 1
12
log a− 1
96
∂2F1s
∂a2
+
1
16
)
+ ~4
(
− 1
5760a2
+
7
210 · 32 · 5
∂4F1s
∂a4
)
+ · · · ,
(4.4)
where F1s is defined as [33]
F1s =
(
a +
m1√
2
)2
log
(
a+
m1√
2
)
+
(
a− m1√
2
)2
log
(
a− m1√
2
)
. (4.5)
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In a similar way, we can calculate the deformed prepotentials forNf = 2 and 3 theories,
which are expanded as
FNf (a, ~) =
1
2πi
[
FpertNf (a, ~) +
∞∑
k=0
∞∑
n=1
~
2kF (2k,n)Nf
(
1
a
)2n]
, (4.6)
where some coefficients F (2k,n)Nf (k = 0, 1, 2) are given in appendix A. The perturbative
parts are given by
Fpert2 (a, ~) =− a2 log
a2
Λ22
+
1
2
F2s − 2a2 log a−
3
4
(m21 +m
2
2)
+ ~2
(
− 1
12
log a− 1
96
∂2F2s
∂a2
+
1
8
)
+ ~4
(
− 1
5760a2
+
7
210 · 32 · 5
∂4F2s
∂a4
)
+ · · · ,
(4.7)
Fpert3 (a, ~) =−
1
4
a2 log
a2
Λ23
+
1
2
F3s − 3a2 log a−
3∑
i=1
3
4
m2i
+ ~2
(
− 1
12
log a− 1
96
∂2F3s
∂a2
+
3
16
)
+ ~4
(
− 1
5760a2
+
7
210 · 32 · 5
∂4F3s
∂a4
)
+ · · · ,
(4.8)
where FNfs (Nf = 2, 3) is defined as [34]
FNfs =
Nf∑
i=1
((
a+
mi√
2
)2
log
(
a+
mi√
2
)
+
(
a− mi√
2
)2
log
(
a− mi√
2
))
. (4.9)
These deformed prepotentials are shown to be consistent with the decoupling limits.
We now compare the prepotentials for Nf = 1, 2, 3 theories with the NS limit of the
Nekrasov partition functions. By rescaling the parameters ~, mi (i = 1, 2, 3), and ΛNf as
2πiF(a, ~)→ F(a, ǫ1), ΛNf → 22/(4−Nf )
√
2ΛNf , ~→
√
2ǫ1, mi →
√
2mi,
and then shifting the mass parameters : mi → mi + ǫ/2 for a fundamental matter or
mi → ǫ/2−mi for an anti-fundamental matter, we find that the prepotential agrees with
that obtained from the Nekrasov partition [5].
4.2 Nf = 4
In the case of Nf = 4, after rescaling of the y and x by a factor of 1− q2 in the SW curve,
we can apply the formulas (2.20) and (2.21). Expanding around q = 0 and integrating
over u, we have the SW periods a(0) and a
(0)
D in the weak coupling region.
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To simplify the formulas, we consider the equal mass case m := m1 = m2 = m3 = m4,
where the discriminant ∆4 and D4 are given in (3.31). The deformed prepotential is
F4 = 1
2πi
[
Fpert4 (a, ~) +
∞∑
k=0
∞∑
n=1
~
2kF (2k,n)4 qn
]
, (4.10)
where the perturbative part is given by
Fpert4 (a, ~) =a2 log q +
1
2
F4s − 4a2 log a
+ ~2
(
− 1
12
log(a)− 1
96
∂2F4s
∂a2
)
+ ~4
(
− 1
5760a2
+
7
210 · 32 · 5
∂4F4s
∂a4
)
+ · · · ,
(4.11)
where
F4s =4
((
a+
m√
2
)2
log
(
a+
m√
2
)
+
(
a− m√
2
)2
log
(
a− m√
2
))
. (4.12)
The first several coefficients F (2k,n)4 for k = 0, 1, 2 are given in appendix A.3. By rescaling
the parameters ~, m and q as
2πiF(a, ~)→ F(a, ǫ1), q → 4q, ~→
√
2ǫ1, m→
√
2m, (4.13)
we find that (4.10) agrees with the prepotential obtained from the NS limit of the Nekrasov
partition function of the theory with the equal mass, where the mass parameter must be
shifted as mi → mi + ǫ/2 for a fundamental matter or mi → ǫ/2 − mi for an anti-
fundamental matter (i = 1, · · ·4).
For the massless case m = 0, the Picard-Fuchs equation (3.36) has a solution of the
form:
Π(0) = f(q)u
1
2 , (4.14)
where
f(q) =
√
2
((q − 4)q + 16)1/4F
(
1
12
;
5
12
; 1;
108(q − 4)2q2
(q2 − 4q + 16)3
)
. (4.15)
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Then, using (3.37) and (3.38), the second and fourth order corrections to the SW periods
can be written as
Π(2) =
1
32
√
u
(
qf(q) + 2(q − 4)∂f(q)
∂q
)
, (4.16)
Π(4) =− q
9216u3/2
(
(11q − 26)f(q) + 2(q − 4)
(
16(q − 4)q∂
2f(q)
∂q2
+ (35q − 52)∂f(q)
∂q
))
.
(4.17)
It is found that the prepotential obtained from (4.14), (4.16) and (4.17) coincides with
(4.10) for m = 0.
4.3 Deformed effective coupling constant
From the relation (2.29) and the Picard-Fuchs equation (2.25), we can compute the
deformed effective coupling. Differentiating (2.29) with respect to u and applying the
Picard-Fuchs equation (2.25), we find
∂
∂u
Π(2k) =
(
Y 12k
∂2
∂u2
+ Y 22k
∂
∂u
)
Π(0), (4.18)
where
Y 12k :=− p1X12k +
∂X12k
∂u
+X22k, (4.19)
Y 22k :=− p2X12k +
∂X22k
∂u
. (4.20)
Then taking the u-derivative of the quantum SW period Π =
∑∞
k=0 ~
2kΠ(2k), we have
∂
∂u
Π =
(
Y1
∂2
∂u2
+ Y2
∂
∂u
)
Π(0), (4.21)
where
Y1 =
∞∑
n=1
~
2nY 12n, Y2 = 1 +
∞∑
n=1
~
2nY 22n. (4.22)
The deformed effective coupling is defined by
τ :=
∂uaD
∂ua
. (4.23)
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The leading correction to the classical coupling constant τ (0) =
∂ua
(0)
D
∂ua(0)
is given by
τ = τ (0)
(
1 + ~2Y 12 ∂u log τ
(0) +O(~4)) . (4.24)
Therefore the leading correction to the effective coupling constant is determined by a
dimensionless constant Y 12 in (4.19). Also ∂u log τ
(0) is proportional to the beta functions
at the weak coupling.
We will evaluate the coefficient Y 12 for some simple cases, where all hypermultiplets
have the same mass m. For Nf = 0, from the coefficients X
1
2 and X
2
2 in (2.33) and
p1 =
2u
u2−Λ40
, one finds
Y 12 =
1
8
− u
2
6 (u2 − Λ40)
. (4.25)
In a similar way we can compute the coefficient Y 12 for Nf ≥ 1. The results are the
followings: For Nf = 1, we have
Y 12 =
1
4
+
(
1
2
m+
3
16
b1
)
c1 − 1
6
(u+mb1)
(
∂u∆1
∆1
+
3
4m2 − 3u
)
. (4.26)
For Nf = 2, we have
Y 12 =
1
2
+
(
3m
4
− 2b2
)
c2 −
(
1
3
u+
m
4
b2
)(
∂u∆2
∆2
− 8(3m
2 − 2u)
8m2 − 8u+ Λ22
c2
m
)
, (4.27)
where
b2 =
1
L2
(b
(1)
2 + b
(2)
2 ), c2 =
1
L2
(c
(1)
2 + c
(2)
2 ). (4.28)
For Nf = 3, we have
Y 12 =
5
4
+
(
3
2
m− 1
6
b3
)
−
(
5
6
u− 1
384
Λ23 +
1
2
mb3
)(
∂u∆3
∆3
− 24m
2 + 8u+mΛ3
−8m2 + 8u−mΛ3
c3
m
)
,
(4.29)
where b3 and c3 is given by (3.26). For Nf = 4, we find
Y 12 =
1− q
8
− 5u
8m2
− 1
96
(
2(4− 5q)u−m2(q − 18)q − 24u
2
m2
)(
∂u∆4
∆4
+
3
m2 − u
)
.
(4.30)
We have confirmed that the above formulas are consistent with the decoupling limit
and the deformed periods agree with those obtained from the NS limit of the Nekrasov
partition function explicitly up to the fourth order in ~.
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5 Deformed periods around the massless monopole
point
In this section, we consider the quantum SW periods in the strong coupling region of
the theories with Nf = 1, 2, 3 hypermultiplets, where a BPS monopole/dyon becomes
massless. In particular we will consider the point in the u-plane such that the deformed
BPS monopole becomes massless aD(u) = 0. The dual SW period a
(0)
D becomes zero
at the massless monopole point where the discriminant ∆ of the SW curve and also
z = −27∆/4D3 become zero. In the following, we explicitly calculate the expansion of
the quantum SW periods around the classical massless monopole point. The periods
around the dyon massless point can be analyzed in the same manner.
First we will give some general arguments on the quantum SW periods around the
massless monopole point. The solution to the Picard-Fuchs equation around the massless
monopole point are given by [35]
∂ua
(0)
D =
√
2i
2
(−D)−1/4F
(
1
12
,
5
12
; 1; z
)
, (5.1)
∂ua
(0) =
√
2
2
(−D)−1/4
[
3
2π
ln 12F
(
1
12
,
5
12
; 1; z
)
− 1
2π
F∗
(
1
12
,
5
12
; 1; z
)]
. (5.2)
Let u0 be the massless monopole point in the u-plane, where ∆ becomes zero. In general,
z and (−D)1/4 have the following expansion around u0
z =
∞∑
n=1
rnu˜
n, (−D)−1/4 =
∞∑
n=0
snu˜
n, (5.3)
where u˜ = u− u0. Substituting (5.3) into (5.1) and (5.2) and integrating with respect to
u, the SW periods can be given in the following form
a
(0)
D (u˜) =
∞∑
n=1
Bnu˜
n, (5.4)
a(0)(u˜) =
i
2π
[
la
(0)
D (u˜)
{
log(r
1/l
l u˜)−
3
l
log 12
}
+
∞∑
n=1
Anu˜
n
]
, (5.5)
where a constant of integration for a
(0)
D is fixed by the condition a
(0)
D (0) = 0 and a
(0)(u˜) is
given up to constant which is independent of u˜. The integer l is defined as the smallest
integer which gives nonzero rn i.e. rn = 0 (n < l) and rl 6= 0. Bn and An are expressed in
terms of rn and sn. First three terms of Bn and An are given by
B1 = i
s0√
2
,
B2 =
i
2
√
2
(
s1 + s0r1f
(1)
)
, (5.6)
B3 =
i
3
√
2
{
s2 + (s0r2 + s1r1)f
(1) +
1
2
s0r
2
1f
(2)
}
,
A1 = −lB1,
A2 = − l
2
B2 +
rl+1
rl
1
2
B1 +
i
2
√
2
s0r1g
(1), (5.7)
A3 = − l
3
B3 +
rl+1
rl
2
3
B2 +
(
rl+2
rl
− r
2
l+1
2r2l
)
1
3
B1 +
i
3
√
2
{
(s0r2 + s1r1)g
(1) +
1
2
s0r
2
1g
(2)
}
,
where
f (n) =
(1/12)n(5/12)n
n!
,
g(n) =
(1/12)n(5/12)n
(n!)2
n−1∑
r=0
(
1
1/12 + r
+
1
5/12 + r
− 2
1 + r
)
. (5.8)
The higher order corrections in u˜ can be calculated in a similar way. Once the SW
periods around the massless monopole point are obtained, the quantum SW periods can
be calculated by applying the differential operators as is in the weak coupling region.
Thus what we have to do is to obtain the explicit value of u0, which is one of the zero
of ∆, and the series expansion of z and (−D)1/4 around u0. However, for general mass
parameters, the expression of u0 is slightly complicated. Therefor we only give explicit
expression of the quantum SW periods in simpler cases; massless hypermultiplets and
massive hypermultiplets with the same mass.
Before going to these examples, we will discuss an interesting phenomena due to the
quantum corrections. Although the undeformed SW period a
(0)
D (u) becomes zero at the
monopole massless point u = u0, the deformed SW period aD(u) is not zero at the same
value of u. This means that the massless monopole point is shifted in the u-plane by the
quantum correction. In fact, the quantum SW period aD around u˜ = 0 takes the form
24
∑∞
k=0 ~
2ka
(2k)
D where
a
(2k)
D =
∞∑
n=0
B(2k)n u˜
n. (5.9)
Here B
(0)
n := Bn in (5.4) with B
(0)
0 = 0 and B
(0)
1 , B
(2)
0 and B
(4)
0 are observed to be non-zero
by explicit calculation. We then find the massless monopole point U0 of the deformed
theory is expressed as
U0 = u0 + ~
2u1 + ~
4u2 + · · · , (5.10)
where u1 and u2 are determined by
u1 = −B
(2)
0
B
(0)
1
, (5.11)
u2 = −B
(4)
0
B
(0)
1
− B
(2)
1
B
(0)
1
u1 − B
(0)
2
B
(0)
1
u21. (5.12)
We will compute these corrections explicitly in the following examples.
5.1 Massless hypermultiplets
We discuss the case where mass of the hypermutitplets is zero. This case gives a simple
and interesting example since the moduli space admits some discrete symmetry. We will
consider the massless monopole point in the moduli space. The solution of the Picard-
Fuchs equation around the massless monopole point u0 has been studied in [32].
Nf = 1
For the Nf = 1 theory, the massless monopole point is u0 = −3Λ21/28/3. Around u0 the z
and (−D1)−1/4 is expanded as
z = −2
14/3
Λ21
u˜− 2
22/3 · 5
3Λ41
u˜2 − 47104
27Λ61
u˜3 + · · · , (5.13)
(−D1)−1/4 = −i
(
21/3
31/3Λ1
+
22
33/2Λ31
u˜+
28/3
33/2Λ51
u˜2 + · · ·
)
, (5.14)
from which we can read off the coefficients rn and sn in the expansions (5.3).
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Substituting these coefficients into (5.4) and (5.5), we can obtain the SW periods
(a(0)(u), a
(0)
D (u)). Then, using the relations (3.11) and (3.12), we obtain the expansion of
the quantum SW periods around u˜ = 0:
aD(u˜) =
(
u˜
21/6 · 31/2Λ1 +
u˜2
21/2 · 35/2Λ31
+
u˜3
25/6 · 311/2Λ51
+ · · ·
)
+
~
2
Λ1
(
5
219/6 · 35/2 +
35
27/2 · 39/2
(
u˜
Λ21
)
+
665
223/6 · 315/2
(
u˜
Λ21
)2
+ · · ·
)
+
~
4
Λ31
(
2471
615/2
+
144347
253/6 · 319/2
(
u˜
Λ21
)
+
1964347
255/6 · 323/2
(
u˜
Λ21
)2
+ · · ·
)
+ · · · ,
(5.15)
a(u˜) =
i
2π
[
aD(u˜)
(
−iπ + log u˜
24/3 33 Λ21
)
+ i
(
− u˜
21/6 · 31/2Λ1 −
5u˜2
23/2 · 35/2Λ31
− 298u˜
3
25/6 · 313/2Λ51
+ · · ·
)
+
i~2
Λ1
(
− 1
223/6 · 31/2
(
u˜
Λ21
)−1
+
13
219/6 · 37/2 +
101
69/2
(
u˜
Λ21
)
+ · · ·
)
+
i~4
Λ31
(
7
215/2 · 31/2 · 5
(
u˜
Λ21
)−3
+
29
247/6 · 35/2 · 5
(
u˜
Λ21
)−2
+
107
249/6 · 39/2
(
u˜
Λ21
)−1
+ · · ·
)]
.
(5.16)
Inverting the series of aD in terms of u˜, we obtain u˜ as a function of aD. Substituting u˜
into a and integrating a with respect to aD, we obtain the dual prepotential:
FD1(aD, ~) = i
8π
[
a2D log
(
aD
Λ1
)2
− ~
2
12
log (aD)− 7~
4
5760a2D
+ · · ·
+
∞∑
k=0
∞∑
n=1
Λ21
(
~
Λ1
)2k
F (2k,n)D1
(
aD
Λ1
)n]
,
(5.17)
where the first several coefficients F (2k,n)D1 (k = 0, 1, 2) are listed in the table 2.
Nf = 2, 3
For Nf = 2, the massless monopole point is u0 = Λ
2
2/8. Then z and (−D2)−1/4 are
expanded as
z =
108
Λ42
u˜2 − 432
Λ62
u˜3 − 3456
Λ82
u˜4 + · · · , (5.18)
(−D2)−1/4 = 1
Λ2
− u˜
Λ32
− 3u˜
2
2Λ52
+ · · · . (5.19)
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k F (2k,1)D1 F (2k,2)D1 F (2k,3)D1 F (2k,4)D1
0 0 −3 − 5
12
1
c˜(1)
− 515
1152
1
c˜(1)2
1 25
96
1
c˜(1)
425
4608
1
c˜(1)2
− 3275
110592
1
c˜(1)3
− 50645
294912
1
c˜(1)4
2 104263
5308416
1
c˜(1)3
757333
28311552
1
c˜(1)4
− 7173929
1019215872
1
c˜(1)5
− 4749125675
32614907904
1
c˜(1)6
Table 2: The coefficients of the dual prepotetials for the Nf = 1 theory, where c˜(1) =
−33/2 · 2−17/6 [32].
Then we have
aD(u) =i
(
u˜
21/2Λ2
− u˜
2
23/2Λ32
+
3u˜3
25/2Λ52
+ · · ·
)
+
i~2
Λ2
(
1
27/2
− 5
29/2
(
u˜
Λ22
)
+
35
211/2
(
u˜
Λ22
)2
+ · · ·
)
+
i~4
Λ32
(
− 17
217/2
+
721
221/2
(
u˜
Λ22
)
− 10941
223/2
(
u˜
Λ22
)2
+ · · ·
)
+ · · · ,
(5.20)
a(u) =
i
2π
[
2aD(u˜) log
u˜
4Λ22
+ i
(
− 2u˜
21/2Λ2
− 3u˜
2
23/2Λ32
+
12u˜3
25/2Λ52
+ · · ·
)
+
i~2
Λ2
(
1
25/2 · 3
(
u˜
Λ22
)−1
+
10
27/2 · 3 −
77
29/2 · 3
(
u˜
Λ22
)
+ · · ·
)
+
i~4
Λ32
(
7
211/2 · 32 · 5
(
u˜
Λ22
)−3
− 1
213/2 · 5
(
u˜
Λ22
)−2
+
53
215/2 · 3 · 5
(
u˜
Λ22
)−1
+ · · ·
)
+ · · ·
]
.
(5.21)
For Nf = 3, the massless monopole point is u0 = 0. Then z and (−D3)−1/4 are
expanded as
z =
222 · 33
Λ83
u˜4 +
231 · 33
Λ103
u˜5 +
234 · 35 · 5
Λ123
u˜6 + · · · , (5.22)
(−D3)−1/4 = 4
Λ3
+
256
Λ33
u˜+
36864
Λ53
u˜2 + · · · . (5.23)
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Then we have
aD(u) =i
(
23/2u˜
Λ3
+
213/2u˜2
Λ33
+
211 · 3u˜3
Λ53
+ · · ·
)
+
i~2
Λ3
(
1
21/2
+ 213/2
(
u˜
Λ23
)
+ 219 · 52
(
u˜
Λ23
)2
+ · · ·
)
+
i~4
Λ33
(
25/2 · 5 + 217/2 · 43
(
u˜
Λ23
)
+ 225/2 · 1141
(
u˜
Λ23
)2
+ · · ·
)
,
(5.24)
a(u) =
i
2π
[
4aD(u˜) log
16u˜
Λ23
+ i
(
−2
7/2u˜
Λ3
+
215/2 · 3u˜2
Λ33
+
229/2 · 3u˜3
Λ53
+ · · ·
)
+
i~2
Λ3
(
− 1
27/2
(
u˜
Λ23
)−1
+
27/2
3
+
213/2 · 29
3
(
u˜
Λ23
)
+ · · ·
)
+
i~4
Λ3
(
7
221/2 · 32 · 5
(
u˜
Λ23
)−3
− 1
29/2 · 3 · 5
(
u˜
Λ23
)−2
+
7
23/2 · 5
(
u˜
Λ23
)−1
+ · · ·
)]
.
(5.25)
We then obtain the deformed dual prepotentials for the Nf = 2 and 3 theories, which are
given by
FD2(aD, ~) = i
8π
[
2a2D log
(
aD
Λ2
)2
+
~
2
6
log(aD)− 7~
4
2880a2D
+ · · ·
+
∞∑
k=0
∞∑
n=1
Λ22
(
~
Λ2
)2k
F (2k,n)D2
(
aD
Λ2
)n] (5.26)
for Nf = 2 and
FD3(aD, ~) = i
8π
[
4a2D log
(
aD
Λ3
)2
+
~
2
3
log(aD)− 7~
4
1440a2D
+ · · ·
+
∞∑
k=0
∞∑
n=1
Λ23
(
~
Λ3
)2k
F (2k,n)D3
(
aD
Λ3
)n] (5.27)
for Nf = 3, where the first several coefficients F (2k,n)DNf (Nf = 2, 3) are listed in the table 3
and the table 4.
The dual prepotentials include the classical term and one loop term as (4.4), (4.7) and
(4.8) in the weak coupling region. These terms also appear in the pure SU(2) theory [22].
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k F (2k,1)D2 F (2k,2)D2 F (2k,3)D2 F (2k,4)D2
0 0 −6 1
2
1
c˜(2)
5
64
1
c˜(2)2
1 3
16
1
c˜(2)
17
256
1
c˜(2)2
205
6144
1
c˜(2)3
315
16384
1
c˜(2)4
2 135
32768
1
c˜(2)3
2943
524288
1
c˜(2)4
69001
10485760
1
c˜(2)5
1422949
201326592
1
c˜(2)6
Table 3: The coefficients of the dual prepotential for the Nf = 2 theory, where c˜(2) =
−i2−5/2 [32].
k F (2k,1)D3 F (2k,2)D3 F (2k,3)D3 F (2k,4)D3
0 0 −12 1
c˜(3)
5
32
1
c˜(3)2
1 −1
8
1
c˜(3)
− 5
128
1
c˜(3)2
− 19
1024
1
c˜(3)3
− 85
8192
1
c˜(3)4
2 37
49152
1
c˜(3)3
239
262144
1
c˜(3)4
5221
5242880
1
c˜(3)5
102949
100663296
1
c˜(3)6
Table 4: The coefficients of the dual prepotential for the Nf = 3 theory, where c˜(3) =
i2−13/2 [32].
Now we compute the shifted massless monopole point U0 in the u-plane in these
examples. Using the expansion of aD, we obtain
U0 =


Λ20 − 132~2 + 932768Λ20~
4 + · · · , Nf = 0
− 3Λ21
28/3
− 5
72
~
2 − 1571
222/3 37Λ21
~
4 + · · · , Nf = 1
Λ22
8
− 1
8
~
2 + 9
256Λ22
~
4 + · · · , Nf = 2
−1
4
~
2 − 4
Λ23
~
4 + · · · , Nf = 3.
(5.28)
In next subsection, we will discuss the expansion around the massless monopole point
u0 for the theory with massive hypermultipltes with the same mass.
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5.2 Massive hypermultiplets with the same mass
We consider the case that all the hypermultiplets have the same mass m := m1 = · · · =
mNf . The classical massless monopole point u0 corresponds a solution of the discriminant
∆Nf = 0. In the u-plane, it is found as follows;
u0 =
−64m4 − 216Λ31m+ 8m2H1/31 −H2/31
24H
1/3
1
, for Nf = 1, (5.29)
u0 =− Λ
2
2
8
+ Λ2m, for Nf = 2, (5.30)
u0 =
1
512
(
Λ23 − 96Λ3m+
√
Λ3 (Λ3 + 64m) 3
)
, for Nf = 3 (5.31)
where
H1 = 729Λ
6
1 − 512m6 + 4320Λ31m3 + 3
√
3
(
27Λ41 − 64Λ1m3
)
3/2. (5.32)
In the decoupling limit m → ∞ and ΛNf → 0 with mNfΛ(4−Nf )Nf = Λ40 being fixed, these
points become the massless monopole point Λ20 of the Nf = 0 theory. If we consider the
massless limit, these points become the massless monopole points for the massless Nf
theory.
We first discuss the Nf = 1 theory. Here we consider the small mass |m| ≪ Λ1, where
u0 is expanded around m = 0 as [42]
u0 =− 3Λ
2
1
28/3
− Λ1m
21/3
+
m2
3
+ · · · . (5.33)
From (5.4), one obtains the expansion of the SW period a
(0)
D around u = u0
a
(0)
D (u˜) =u˜
(
1
21/6 · 31/2Λ1 −
23/2m2
37/2Λ31
+ · · ·
)
+ u˜2
(
1
21/2 · 35/2Λ31
+
217/6m
37/2Λ41
+ · · ·
)
+ · · · ,
(5.34)
where u˜ = u − u0. By using the relations (3.11) and (3.12), we get the quantum SW
periods up to the fourth order in ~ around u = u0:
a
(2)
D (u˜) =
(
5
213/6 · 35/2Λ1 −
m
25/6 · 37/2Λ21
+ · · ·
)
+ u˜
(
35
27/2 · 39/2Λ31
+
5m
21/6 · 311/2Λ41
+ · · ·
)
+ · · · ,
(5.35)
a
(4)
D (u˜) =
(
2471
615/2Λ31
− 613m
231/6 · 315/2Λ41
+ · · ·
)
+ u˜
(
144347
253/6 · 319/2Λ51
+
26495m
29/2 · 321/2Λ61
+ · · ·
)
+ · · · .
(5.36)
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From these expansions, we find that the monopole massless point U0 is given by (5.10)
where
u0 =− 3Λ
2
1
28/3
− Λ1m
21/3
+
m2
3
+ · · · ,
u1 =− 5
23 · 32 +
m
22/3 · 33Λ1 +
5m2
21/3 · 34Λ21
+ · · · ,
u2 =− 1571
222/3 · 37Λ21
+
613m
25 · 37Λ31
+
11329m2
211/3 · 39Λ41
+ · · · . (5.37)
For Nf = 2, we find that the massless monopole point U0 is found to be (5.10) where
u0 =− Λ
2
2
8
+ Λ2m,
u1 =− m− 2Λ2
32m− 16Λ2 ,
u2 =
9 (−8Λ32 +m3 − 2Λ2m2 − 26Λ22m)
2048Λ2 (Λ2 − 2m) 4 . (5.38)
In the case of |m| ≪ Λ2, we have
u0 =− Λ
2
2
8
+ Λ2m,
u1 =− 1
8
− 3m
16Λ2
− 3m
2
8Λ22
+ · · · ,
u2 =− 9
256Λ22
− 405m
1024Λ32
− 2385m
2
1024Λ42
+ · · · . (5.39)
For Nf = 3 with |m| ≪ Λ3, we have
u0 =− 3Λ3m
8
− 3m2 + · · · ,
u1 =− 1
4
+
6m
Λ3
− 336m
2
Λ23
+ · · · ,
u2 =− 4
Λ23
+
888m
Λ33
− 131904m
2
Λ43
+ · · · , (5.40)
in (5.10). Note that the first terms in the expansions of u1 and u2 correspond to those in
the massless limit.
We can perform a similar calculation of U0 up to the fourth order in ~ for general m.
We find that the massless monopole point is shifted by the ~-correction. In Fig. 1 , we
have plotted the graphs of the deformed massless monopole point as a function of m/ΛNf
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where we take ~ = 1. For Nf = 2, U0 is singular at the Argyres-Douglas point where
m/Λ2 = 1/2. This is because the ratios of B
(k)
n in (5.11) and (5.12) are divergent. For
Nf = 1 and 3, however, their ratios are finite. In order to study the quantum SW periods
near the Argyres-Douglas point, we need to rescale the Coulomb moduli and the mass
parameters appropriately, which would be left for future work.
u0
u0+u1
u0+u1+u2
0.2 0.4 0.6 0.8 1.0
m
1
-1.0
-0.9
-0.8
-0.7
-0.6
-0.5
U0
 1
2
Nf = 1
u0
u0+u1
u0+u1+u2
0.2 0.4 0.6 0.8 1.0
m
Λ2
-4
-2
2
4
U0
Λ2
2
Nf = 2
u0
u0+u1
u0+u1+u2
0.2 0.4 0.6 0.8 1.0
m
Λ3
-2.0
-1.5
-1.0
-0.5
U0
Λ3
2
Nf = 3
Figure 1: The graphs of u0, u0 + ~
2u1 and u0 + ~
2u1 + ~
4u2 with respect to m/ΛNf for
Nf = 1, 2 and 3 where we choose ~ = 1.
6 Conclusions and Discussion
In this paper, we have studied the low-energy effective theory of N = 2 supersymmetric
SU(2) gauge theory with Nf hypermultiplets in the NS limit of the Ω-background. The
deformation of the periods of the SW differential is described by the quantum spectral
curve, which is the ordinary differential equation and can be solved by the WKB method.
The quantum spectral curve and the Picard-Fuchs equations for the SW periods provide an
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efficient tool to solve the series expansion with respect to the Coloumb moduli parameter
and the deformation parameter ~. We have found a simple formula to represent the
second and fourth order corrections to the SW periods which are obtained by applying
some differential operators acting on the SW periods. In the weak coupling region we
solved the differential equations up to the fourth order in ~. We have explicitly checked
that the quantum SW periods gives the same prepotential as that obtained from the NS
limit of the Nekrasov partition function .
We then studied the quantum corrections expansion around the monopole massless
point. By solving the Picard-Fuchs equations for the SW periods, we have quantum
corrections to the dual SW period aD. We then found that the monopole massless points
in the u-plane are shifted by the quantum corrections. It is interesting to explore the higher
order corrections and how the structure of the moduli space is deformed by the quantum
corrections. It is also interesting to study the expansion around the Argyres-Douglas
point [3, 4, 43, 44] in the u-plane where the mutually non-local BPS states are massless.
A generalization to the theories with general gauge group and various hypermultiplets is
also interesting.
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A F (2k,n)Nf for the Nf = 2, 3 and 4 theories
In this appendix we explicitly write down some coefficients in the expansion of the pre-
potentials for Nf = 2, 3, 4 theories in the weak coupling region.
33
A.1 Nf = 2
For the Nf = 2 theory the first four coefficients of the classical part of the prepotential
in (4.6) are
F (0,1)2 =
Λ42
4096
+
1
32
Λ22m1m2,
F (0,2)2 =−
3Λ42m
2
1
8192
− 3Λ
4
2m
2
2
8192
,
F (0,3)2 =
5Λ82
134217728
+
5Λ42m
2
1m
2
2
16384
+
5Λ62m1m2
196608
,
F (0,4)2 =−
63Λ82m
2
1
134217728
− 63Λ
8
2m
2
2
134217728
− 7Λ
6
2m
3
1m2
393216
− 7Λ
6
2m1m
3
2
393216
. (A.1)
The coefficients in the second order correction to the prepotential are
F (2,1)2 =0,
F (2,2)2 =
Λ42
8192
+
1
256
Λ22m1m2,
F (2,3)2 =−
15Λ42m
2
1
65536
− 15Λ
4
2m
2
2
65536
,
F (2,4)2 =
21Λ82
134217728
+
21Λ42m
2
1m
2
2
65536
+
35Λ62m1m2
786432
. (A.2)
For the fourth order corrections they are
F (4,1)2 =0,
F (4,2)2 =0,
F (4,3)2 =
Λ42
16384
+
Λ22m1m2
2048
,
F (4,4)2 =−
63Λ42m
2
1
524288
− 63Λ
4
2m
2
2
524288
. (A.3)
A.2 Nf = 3
For Nf = 3 the coefficients of the prepotential in the expansion (4.6) are given by
F (0,1)3 =
Λ43
33554432
+
3∑
i=1
Λ23m
2
i
4096
+
1
32
Λ3m1m2m3,
F (0,2)3 =
3∑
i=1
− 3Λ
4
3m
2
i
33554432
−
∑
i<j
3Λ23m
2
im
2
j
8192
− Λ
3
3m1m2m3
32768
,
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F (0,3)3 =
5Λ83
4503599627370496
+
3∑
i=1
(
5Λ63m
2
i
103079215104
+
5Λ43m
4
i
134217728
+
5Λ33m1m2m3m
2
i
196608
)
+
∑
i<j
25Λ43m
2
im
2
j
33554432
+
5Λ23m
2
1m
2
2m
2
3
16384
+
7Λ53m1m2m3
268435456
,
F (0,4)3 =
3∑
i=1
(
− 63Λ
8
3m
2
i
2251799813685248
− 7Λ
6
3m
4
i
103079215104
− 21Λ
5
3m
2
im1m2m3
268435456
)
+
∑
i 6=j
−63Λ
4
3m
4
im
2
j
134217728
+
∑
i<j
(
− 35Λ
6
3m
2
im
2
j
34359738368
− 7Λ
3
3m
2
im
2
jm1m2m3
393216
)
− 3Λ
7
3m1m2m3
137438953472
− 147Λ
4
3m
2
1m
2
2m
2
3
33554432
,
(A.4)
for the classical part,
F (2,1)3 =−
Λ23
16384
,
F (2,2)3 =
5Λ43
134217728
+
3∑
i=1
Λ23m
2
i
8192
+
1
256
Λ3m1m2m3,
F (2,3)3 =−
5Λ63
412316860416
−
3∑
i=1
65Λ43m
2
i
268435456
−
∑
i<j
15Λ23m
2
im
2
j
65536
− 35Λ
3
3m1m2m3
786432
,
F (2,4)3 =
105Λ83
9007199254740992
+
3∑
i=1
(
35Λ63m
2
i
103079215104
+
21Λ43m
4
i
134217728
+
35Λ33m1m2m3m
2
i
786432
)
+
∑
i<j
147Λ43m
2
im
2
j
67108864
+
63Λ53m1m2m3
536870912
+
21Λ23m
2
1m
2
2m
2
3
65536
, (A.5)
for the second order in ~ and
F (4,1)3 =0,
F (4,2)3 =−
Λ23
32768
,
F (4,3)3 =
141Λ43
2147483648
+
3∑
i=1
Λ23m
2
i
16384
+
Λ3m1m2m3
2048
,
F (4,4)3 =−
133Λ63
1649267441664
−
3∑
i=1
147Λ43m
2
i
268435456
−
∑
i<j
63Λ23m
2
im
2
j
524288
− 343Λ
3
3m1m2m3
6291456
, (A.6)
for the fourth order in ~.
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A.3 Nf = 4
For the Nf = 4 theory the coefficients of the prepotential (4.10) are given by
F (0,1)4 =
a2
8
+
m4
32a2
,
F (0,2)4 =
13a2
1024
+
11m4
2048a2
− 3m
6
2048a4
+
5m8
16384a6
,
F (0,3)4 =
23a2
12288
+
17m4
16384a2
− m
6
2048a4
+
15m8
65536a6
− 7m
10
98304a8
+
3m12
262144a10
,
F (0,4)4 =
2701a2
8388608
+
1791m4
8388608a2
− 1125m
6
8388608a4
+
6095m8
67108864a6
− 1673m
10
33554432a8
+
2727m12
134217728a10
− 715m
14
134217728a12
+
1469m16
2147483648a14
, (A.7)
for the classical part,
F (2,1)4 =
m4
256a4
,
F (2,2)4 =−
m2
4096a2
+
5m4
4096a4
− 15m
6
16384a6
+
21m8
65536a8
,
F (2,3)4 =−
m2
16384a2
+
5m4
16384a4
− 5m
6
12288a6
+
91m8
262144a8
− 43m
10
262144a10
+
55m12
1572864a12
,
F (2,4)4 =−
235m2
16777216a2
+
2487m4
33554432a4
− 8935m
6
67108864a6
+
11235m8
67108864a8
− 38337m
10
268435456a10
+
43505m12
536870912a12
− 29549m
14
1073741824a14
+
18445m16
4294967296a16
, (A.8)
for the second order in ~, and
F (4,1)4 =
m4
2048a6
,
F (4,2)4 =
1
65536a2
− m
2
8192a4
+
7m4
16384a6
− 63m
6
131072a8
+
219m8
1048576a10
,
F (4,3)4 =
1
262144a2
− m
2
32768a4
+
119m4
786432a6
− 133m
6
393216a8
+
1689m8
4194304a10
− 253m
10
1048576a12
+
1495m12
25165824a14
,
F (4,4)4 =
235
268435456a2
− 973m
2
134217728a4
+
24571m4
536870912a6
− 9457m
6
67108864a8
+
68835m8
268435456a10
− 625537m
10
2147483648a12
+
1765673m12
8589934592a14
− 353325m
14
4294967296a16
+
985949m16
68719476736a18
, (A.9)
for the fourth order in ~.
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